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Abstract 
The existence of an overfull subgraph of a simple graph implies x’ = A + 1, where x’ denotes 
the chromatic index and A the maximum degree. A fast algorithm for finding overfull subgraphs 
of simple graphs with 24 > 1 VI is presented. 
1. Introduction 
The graphs we consider are simple, i.e. they have no loops or multiple edges. For 
a graph G we denote by v(G), E(G) and x’(G) its vertex set, edge set and chromatic 
index, respectively. We use d(G) and 6(G) for the maximum and the minimum degree 
of its vertices. It is a well-known theorem of Vizing [12] that the chromatic index 
satisfies A(G) < x’(G) 6 A(G) + 1. Graphs for which x’(G) = A(G) are usually said to 
be Class 1, and otherwise they are Class 2. The problem of deciding whether a given 
graph is Class 1 or Class 2 is known as the classijication problem and Holyer [7] 
showed that this problem is NP-complete. Sufficient for a graph to be Class 2 is that 
G is overfull, i.e. 
A(G) + 1, 
or more generally, that G has an overfull subgraph H with A(H) = A(G). This is easy 
to see, since the edges of H colored with the same color form a matching, and so at 
most LlWO1/21 & e es of H can receive the same color. Examples for Class 2 graphs 
without overfull subgraph of the same maximum degree are very rare. The smallest 
one is P*, the graph resulting from the Petersen graph by removing an arbitrary 
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vertex. Chetwynd and Hilton [2] observed that for those graphs the maximum degree 
is relatively small compared to the order of the graph. So, they formulated in 1984 the 
follwing conjecture. 
Conjecture 1.1. A graph G with 2A(G) 3 1 V(G)1 is Class 2, if and only if G has an 
overfull subgraph H with A(H) = A(G). 
This conjecture is true for many special cases. The first result is due to Plantholt [9], 
who proved the equivalence for all graphs G with A(G) = ( V(G)\ - 1. This result was 
improved by Chetwynd and Hilton [3] to all graphs G with A(G) 2 1 V(G)1 - 3. 
Furthermore, Chetwynd and Hilton [5] and Volkmann and the author [S] gave 
conditions depending on the number of vertices of maximum degree and the max- 
imum or minimum degree. 
If H is an overfull subgraph of G with A(H) = A(G), then the subgraph H *, which is 
induced by V(H) in G, satisfies A(H*) = A(G) and is also overfull, since it does not 
have less edges than H. So we can restrict our attention to induced subgraphs to 
decide, whether G does or does not have an overfull subgraph of the same maximum 
degree. Therefore, we say that H is ooerfull in G, if H is an induced and overfull 
subgraph of G with A(H) = A(G). The purpose of this paper is to present a fast 
algorithm for finding all subgraphs, which are overfull in graphs G with 2A(G) > 
1 I’(G)1 (Section 3). Clearly, this algorithm can be used for testing this sufficient Class 
2 criterion, and also for solving the classification problem in all cases, where the above 
conjecture is proved or will be proved in the future. 
The further terminology is as follows. If u is a vertex of G, we use N,(v) to denote the 
neighborhood of u and &(D) = ING(v)( to denote the degree of v. Vertices of maximum 
degree are called major vertices. By d:(v) we denote the number of major vertices in 
the neighborhood of U. For X, Y c V(G), the number of edges joining a vertex in X to 
a vertex in Y is mo(X, Y) and me(X) is an abbreviation of m,(X, I/(G)\X). 
2. Preliminary results 
From the definition it is easy to see that an overfull graph is Class 2, but it is often 
better to use the following equivalent condition. 
Lemma 2.1. A graph G is overfull if and only if 1 V(G)1 is odd and 
c (A(G) - d&x)) < A(G) - 2. 
XE V(G) 
Proof. If G is a graph of even order, then we have 
IE(G)I = ; c 
XE V(G) 
&W d ;I V(G)1 A(G), 
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and so G is not overfull. If G has odd order, then it is easily verified that 
& (d(G) - d,(x)) < d(G) - 2 
is equivalent to 
21E(G)I B (I I’(G)1 - I)d(G) + 2. •I 
Corollary 2.2. Let G be an overfull graph. Then for every vertex v of G 
d,(v) > 2 + c (d(G) - c&(w)) and d:(v) 3 2. 
WEN&U) 
Proof. It follows from Lemma 2.1 that for all VE V(G) we have 
c (d(G) - d,(w)) d d(G) - 2. 
w~N,(v)u (o) 
This is equivalent to the first inequality. 
The second inequality follows from 
d&) 3 2 + WE; (“) (d(G) - d,(w)) 3 2 + d,(v) - dG*(v). 0 
G 
Let us now consider graphs with overfull subgraphs of the same maximum degree. 
Lemma 2.3. Let G be a graph. A subgraph H of G is an overfull subgraph of G with 
A(H) = A(G) ifand only if 
A(G) + 1. (1) 
Therefore, a subgraph H is overfull in G if and only if H is an induced subgraph of 
G satisfying (1). 
Proof. Obviously, an overfull subgraph H of G with d(H) = A(G) satisfies (1). 
Now let H be a subgraph of G with (1). Since d(G) 3 A(H), His overfull. Moreover, 
we have A(H) = A(G), since otherwise 
IE(H)I G :I V(H)I A(H) = ;(I V(H)I - I)A(H) + PA 
d ;(I V(H)1 - l)(A(G) - 1) + ; A(H) 
A(G) + &A(H) - I V(H)I + 1) 
yields a contradiction. 0 
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The next result is not only useful for our purposes, but also shows that the number 
of edges joining the vertices of an overfull subgraph to other vertices is relatively small. 
Lemma 2.4. Let G be a graph with an overfull subgraph H and A(H) = A(G). Then 
m&‘(H)) d A(G) - 2 - c (A(G) - d,(w)) d A(G) - 2. 
WE V(H) 
Proof. Lemma 2.1 yields 
w#‘(W) = c (&(w) - &r(w)) 
WEV(H) 
= WE& (A(G) - &(w)) - WE& (A(G) - &(w)) 
< A(G)-2- c (A(G)-d,(w))< A(G)-2. 0 
WE V(H) 
Since the order of an overfull graph is odd, combining Lemma 2.4 with a result of 
Chartrand [l], which states that every graph G with 26(G) > ) V(G)1 - 1 is G(G)-edge- 
connected, we obtain a short proof of the following corollary. 
Corollary 2.5 (Hilton [6] and Niessen and Volkmann [8]). Let G be a k-regular graph 
(i.e. d,(u) = k for every u E V(G)) of euen order ( V(G)( = 2n. If k > n, then G has no 
overfull subgraph with maximum degree k. 
This corollary shows that Conjecture 1.1 implies the l-factorization conjecture. 
Conjecture 2.6 (I-factorization conjecture). Let G be a k-regular graph of even order 
1 V(G)1 = 2n with k B n. Then G is Class 1. 
This conjecture is still open. Partial results can be found in [4, 83. 
3. The algorithm 
The idea of the algorithm is based on the observation that sometimes the sub- 
graphs, which are overfull in a given graph, are easy to find. 
Theorem 3.1. Let G be a graph and H an overfull subgraph of G with V(H) # V(G) and 
A(H) = A(G). If every vertex of G is adjacent to at least two vertices in V(H), then 
min d,(v) 3 max d,(w) + 2. 
UE V(H) WE V(G)\ VW) 
T. Niessen / Discrete Applied Mathematics 51 (1994) 117- 125 121 
Proof. Let v E V(H) and w E V(G) \ V(H). Then 
d,(v) - 2 3 &Au) + d(G)(I W)I - 1) - 2lEW)I 
3 & (&Ax) - &f(x)) 
= W(fW)) = 2 mG(& v(H)) 
~6 VG)\WO 
3 mG(w, V(H)) + 2(1 V(G)\ vi’(H)1 - 1) 3 d,(w). 0 
Let us call a major vertex v of a graph G as a proper major vertex of G, if 
1 d,(w) 3 d(G)’ - d(G) + 2. 
WEN&) 
The next lemma enables us to remove all vertices of a graph G, which are adjacent to 
at most one proper major vertex, without affecting any overfull subgraph. 
Lemma 3.2. Let G be a graph with an overfull subgraph H and A(H) = A(G). Then 
every major vertex of H is a proper major vertex of G. Furthermore, every vertex of H is 
adjacent to at least two proper major vertices of G. 
Proof. Let v be a major vertex of H. Then we have NH(v) = NC(v) and by Corollary 2.1 
we obtain 
c ‘&i(W) 2 1 &I(W) = A(G)2 - c (A(G) - &I(W)) 
We& wcN&) w 6 N&d 
3 A(G)2 - A(G) + 2, 
and so v is a proper major vertex of G. By Corollary 2.1 we know that every vertex of 
H is adjacent to at least two major vertices of H. Therefore, the second part of the 
lemma follows from the first one. 0 
The following theorem proves that after the repeated removal of superfluous 
vertices in the sense of Lemma 3.2, the resulting graph has (surprisingly) all proper 
major vertices in V(H), and so satisfies the condition of Theorem 3.1. 
Theorem 3.3. Let G be a graph with an overfull subgraph H and A(H) = A(G). If 
2A(G) 3 1 V(G)1 and every vertex of G is adjacent to at least two major vertices, then for 
every major vertex VE V(G)\ V(H) there exists a vertex w E No(v), such that w is 
adjacent to at most one proper major vertex. 
Proof. First we prove that at most one vertex of R := V(G)\ V(H) is a proper major 
vertex of G. Suppose, there exist two proper major vertices vl, v2 E R. Let 
r := mo( V(H), R \ {V 1, ~2)) and for i = 1,2, let pi:= mc(vi, V(H)). By Lemma 2.4 
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we get 
p1 + pz + r = m&‘(H)) d d(G) - 2. 
Without loss of generality, we may assume that p1 Q p2. 
Let us first consider the case where v1 and v2 are adjacent. Then with 
(2) 
IRI = I V(G)1 - I V’(H)I < 2A(G) - (A(G) + I) = A(G) - I, 
we obtain 
d(G)’ - d(G) i- 2 < 1 d&w) 
Wfnr,@,) 
= dG(vz) + c d,(w) + c dG(‘@ 
w~‘%h)n wf) WEN&JI)~(R\:~Z)) 
d d(G) + pl A(G) + (A(G) - p1 - l)(IRl - 1) + I 
d d(G)(pl + 1) + (d(G) - p1 - l)@(G) - 2) + Y 
= A(G)’ - 2d(G) + 2p, + 2 + r, 
and so 
A(G) d 2p, + r. 
Together with (2) we have 
pl + pz + r d A(G) - 2 < 2p, + r - 2, 
implying pz + 2 f pl. This contradicts our choice of p1 and pz. 
If v1 and v2 are not adjacent, then 
A(G)’ - d(G) + 2 < c d,(w) 
~EK+I) 
G PIA + (A(G) - PIHA - 2) + r 
= LIP - 2d(G) + 2p, + r, 
and so A(G) d 2p, + r - 2. This yields a contradiction as above. 
Suppose now that there exists a major vertex u E R, such that every neighbor of v is 
adjacent to at least two proper major vertices. Then m&w, T/(H)) > 1 for every 
w E No(u) n R and so 
mG(V(H)) 2 %(fA V(ff)) + mG(hb’) n R> f’?ff)) 
2 A(G) - IN&) n RI + l&(v) n RI = A(G). 
This contradicts Lemma 2.4. q 
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Now we can give a description of the algorithm. 
Input: A graph G with 2d(G) 3 1 V(G)l. 
Step 1. WHILE there exists a vertex, which is not adjacent to at least two proper 
major vertices, remove this vertex. Denote the resulting graph by G’. 
Step 2. IF d(G’) < d(G), THEN G has no overfull subgraph. STOP. 
Step 3. Sort the vertices of G’ such that &,(vi) 2 dc9(ul) 3 ... 3 d,,(v,). 
Step 4. Test FOR any odd j such that either j = 1 V(G’)I or j 3 d(G) + 1 and 
d,'(Uj) 3 dc'(Uj+l) + 2, if {vi,..., Uj} induces an overfull subgraph. 
Using the results of this section, we immediately obtain that the algorithm is 
correct; i.e. the vertex set of every overfull subgraph H of the input graph G is 
determined in Step 4. All vertices, which have been removed during Step 1, are not 
vertices of an overfull subgraph of G by Lemma 3.2. Thus, G and G’ have the same 
overfull subgraphs if d(G’) = d(G). If G has an overfull subgraph H, then 
d(H) = A(G) implies A(G’) = A(G). So, the algorithm can stop in Step 2 if 
A(G’) < A(G). In Step 3, every vertex of G’ is adjacent to at least two (proper) major 
vertices. Moreover, if G’ (resp. G) has an overfull subgraph H, then no vertex of 
V(G’)\ V(H) has maximum degree in G’ by Theorem 3.3. Thus, Theorem 3.1 can be 
applied. Since the order of an overfull subgraph is odd and greater than A(G), only the 
vertex sets considered in Step 4 can induce an overfull subgraph with maximum 
degree A(G) by Theorem 3.1. 
Since every vertex of a regular graph is a proper major vertex, the algorithm cannot 
find a subgraph H, which is overfull in a regular graph G, with V(H) # V(G). So, the 
graphs consisting of two disjoint complete graphs Kzntl show that 2A(G) > 1 V(G)1 
for the input graph is nearly best possible. 
Furthermore, the algorithm implies that if the input graph G has two distinct 
subgraphs, which are overfull in G, one has to be a subgraph of the other. However, 
actually, this is impossible. 
Theorem 3.4. Let G be a graph with 2A(G) 2 1 V(G)J. Then G has at most one subgraph, 
which is overfull in G. 
Proof. Suppose that the graph G is a counterexample. Without loss of generality, we 
may assume that G is overfull and H is an overfull subgraph of G with V(H) # V(G). 
Let 1 V(G)1 = 2n + 1 and 1 V(H)1 = 2p + 1. Then we have n 3 p + 1. Furthermore, 
2nA(G) + 2 d 2)E(G)I = c d,(u) 
DE V(G) 
= c &i(U) + 1 t&m 
” E V(H) 0 E J’(G)\ VW 
d (2~ + l)A(G) + mG(V(H)) + (2n - 2p)(2n - 2p - 1) 
< (2~ + l)A(G) + A(G) - 2 + 2(n - p)(2n - 2p - 1). 
124 
This yields 
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(n - p - l)A(G) d (n - p)(2n - 2p - 1) - 2 < (n - p - 1)(2n - 2p + 1). 
Since this inequality is not satisfied for n = p + 1, we have even n > p + 1 and then 
A(G) < 2n - 2p + 1. Combining this with our hypothesis A(G) 3 n + 1, we obtain 
2p < n. However, now 
2p = 1 V(H)I - 1 3 A(G) > n + 1 
leads to a contradiction. 0 
The graph G, (n >, 2) resulting from two disjoint complete graphs K,,, i and KZn by 
removing an edge xy E E(K1,+ 1 ) and joining x to u and y to v, where u and v are 
distinct vertices of Kzn, shows that the condition 2A(G) 3 1 V(G)1 of Theorem 3.4 is 
best possible. 
One way to define the fractional chromatic index x;(G) for a multigraph G is 
x;(G) = inf kx’(G’), 
where the infimum is taken over all integers k, and Gk denotes the multigraph 
obtained from G by replacing each edge by a set of k multiple edges. A well-known 
theorem of Seymour [lo] and Stahl [l l] states that 
x;(G) = max A(G), max 
{ {,$f;Y.. l}lT 
(3) 
where the inner maximum is taken over all subgraphs H of G of odd order at least 3. It 
is an open problem if it is possible to compute the fractional chromatic index 
polynomially. For simple graphs satisfying 24 > 1 VI the answer is in the affirmative 
by (3) and the algorithm, since the inner maximum exceeds A(G) only for the overfull 
subgraphs. 
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